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t
In this paper, we 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1 Introdution
The problem of nding and integrating hamiltonian systems, has attrated
a onsiderable amount of attention in reent years. Beside the fat that
many integrable hamiltonian systems have been on the subjet of powerful
and beautiful theories of mathematis, another motivation for its study is:
the onepts of integrability have been applied to an inreasing number of
physial systems, biologial phenomena, population dynamis, hemial rate
equations, to mention only a few. However, it seems still hopeless to desribe
or even to reognize with any faility, those hamiltonian systems whih are
integrable, though they are quite exeptional.
The resolution of the well known Korteweg-de-Vries (K-dV) equation has
generated an enormous number of new ideas in the area of hamiltonian om-
pletely integrable systems. It has led to unexpeted onnetions between
mehanis, spetral theory, Lie algebra theory, algebrai geometry and even
dierential geometry. All these onnetions have generated renewed interest
in the questions around omplete integrability of nite and innite dimen-
sional systems, ordinary and partial dierential equations. However given
a hamiltonian system, it remains often hard to t it into any of those gen-
eral frameworks. But lukily, most of the problems possess the muth riher
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struture of the so alled algebrai omplete integrability (onept introdued
et systematized by Adler and van Moerbeke). A dynamial system is alge-
brai ompletely integrable in the sense of Adler-van Moerbeke [1℄ if it an be
linearized on a omplex algebrai torus C
n/lattice (=abelian variety). The
invariants (often alled rst integrals or onstants) of the motion are polyno-
mials and the phase spae oordinates (or some algebrai funtions of these)
restrited to a omplex invariant variety dened by putting these invariants
equals to generi onstants, are meromorphi funtions on an abelian va-
riety. Moreover, in the oordinates of this abelian variety, the ows (run
with omplex time) generated by the onstants of the motion are straight
lines. Some results onerning geodesi ow on SO(4) [1,8℄, Kowalewski's
top [11℄, Hénon-Heiles system [14℄,...was obtained. However, besides the fat
that many hamiltonian ompletely integrable systems posses this struture,
another motivation for its study whih sounds more modern is: algebrai
ompletely integrable systems ome up systematially whenever you study
the isospetral deformation of some linear operator ontaining a rational in-
determinate. Therefore there are hidden symmetries whih have a group
theoretial foundation. The onept of algebrai omplete integrability is
quite eetive in small dimensions and has the advantage to lead to global
results, unlike the existing riteria for real analyti integrability, whih, at
this stage are perturbation results. In fat, the overwhelming majority of dy-
namial systems, hamiltonian or not, are non-integrable and possess regimes
of haoti behavior in phase spae.
In the present paper, we disuss an interesting interation between omplex
geometry and dynamial systems. We shall be onerned with an integrable
system whih appears as overing of another algebrai ompletely integrable
system. The invariant variety is overing of abelian variety and this system
is algebrai ompletely integrable in the generalized sense.
2 The nonlinear Yang Mills equations for a eld
with gauge group SU(2)
We onsider the Yang-Mills system for a eld with gauge group SU(2) :
DjFjk = ∂jFjk + [Aj , Fjk] = 0,
where Fjk, Aj ∈ TeSU(2), 1 ≤ j, k ≤ 4 and
Fjk = ∂jAk − ∂kAj + [Aj, Ak].
The self-dual Yang-Mills (SDYM) equations is a universal system for whih
some redutions inlude all lassial tops from Euler to Kowalewski (0+1-
dimensions), K-dV, Nonlinear Shrödinger, Sine-Gordon, Toda lattie and N-
waves equations (1+1-dimensions), KP and D-S equations (2+1-dimensions),
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et... In the ase of homogeneous double-omponent eld,
∂jAk = 0, (j 6= 1),
A1 = A2 = 0,
A3 = n1U1 ∈ su(2),
A4 = n2U2 ∈ su(2),
where ni are su(2)-generators, i.e., they satisfy ommutation relations :
n1 = [n2, [n1, n2]],
n2 = [n1, [n2, n1]].
The system beomes
∂2U1 + U1U
2
2 = 0,
∂2U2 + U2U
2
1 = 0.
By setting
Uj = qj,
∂Uj
∂t
= pj, j = 1, 2,
Yang-Mills equations are redued to hamiltonian system with the hamilto-
nian
H =
1
2
(p21 + p
2
2 + q
2
1q
2
2).
The sympleti transformation
p1 ←−
√
2
2
(p1 + p2),
p2 ←−
√
2
2
(p1 − p2),
q1 ←− 1
2
(
4
√
2)(q1 + iq2),
q2 ←− 1
2
(
4
√
2)(q1 − iq2),
takes this hamiltonian into
H =
1
2
(p21 + p
2
2) +
1
4
q41 +
1
4
q42 +
1
2
q21q
2
2. (1)
We start with the hamiltonian
H =
1
2
(p21 + p
2
2 + a1q
2
1 + a2q
2
2) +
1
4
q41 +
1
4
a3q
4
2 +
1
2
a4q
2
1q
2
2. (2)
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Note that if a1 = a2 = 0 and a3 = a4 = 1, we obtain the hamiltonian (1). It
has been shown [10℄ that if a2 = 4a1 ≡ 4a, a3 = 16, a4 = 6, i.e.,
H1 ≡ H = 1
2
(p21 + p
2
2) +
a
2
(q21 + 4q
2
2) +
1
4
q41 + 4q
4
2 + 3q
2
1q
2
2, (3)
the orresponding system, i.e.,
q˙1 = p1,
q˙2 = p2, (4)
p˙1 = −(a+ q21 + 6q22)q1,
p˙2 = −2(2a+ 3q21 + 8q22)q2,
is integrable, the seond integral is
H2 = aq
2
1q2 + q
4
1q2 + 2q
2
1q
3
2 − q2p21 + q1p1p2, (5)
but no desription of solutions is given. We solve the system (4) in terms
of genus two hyperellipti funtions. When one examines all possible sin-
gularities of the system (4), one nds that it possible for the variable q1 to
ontain square root terms of the type t1/2, whih are stritly not allowed by
the so alled Painlevé test (i.e. the general solutions should have no movable
singularities other than poles in the omplex plane [5℄).
Let z ≡ (q1, q2, p1, p2) ∈ C4, t ∈ C and ∆ ⊂ C4 a non-empty Zariski open
set. By the funtional independene of the integrals H1,H2, the map
ϕ : (H1,H2) : C
4 −→ C2,
is submersive, i.e., dH1(z), dH2(z) are linearly independent on ∆. Let
Ω = ϕ(C4\∆),
= {b ≡ (b1, b2) ∈ C2 : ∃z ∈ ϕ−1(b)with
dH1(z), dH2(z)linearly dependent},
be the set of ritial values of ϕ. We denote by Ω the Zariski losure of Ω
in C
2
. The set {z ∈ C4 : ϕ(z) ∈ C2\Ω} is a non-empty Zariski open set in
C
4
. Hene this set is everywhere dense in C
4
for the usual topology. Let A
be the omplex ane variety dened by
A = ϕ−1(b),
=
2⋂
k=1
{z ∈ C4 : Hk(z) = bk}. (6)
For every b ≡ (b1, b2) ∈ C2\Ω, the bre A is a smooth ane surfae.
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3 Laurent series solutions and algebrai urves
We show that the system (4) admits Laurent solutions in t1/2, depending
on three free parameters: u, v and w. These pole solutions restrited to the
surfae A(6) are parameterized by two smooth urves Cε=±i(8) of genus 4.
Reall that a system z˙ = f(z) is weight-homogeneous with a weight νk
going with eah variable zk if
fk(λ
νiz1, . . . , λ
νnzn) = λ
νk+1f ′kz1, . . . , zn),
for all λ ∈ C. The system (4) is weight-homogeneous with q1, q2 having weight
1 and p1, p2 weight 2, so that H1 and H2 have weight 4 and 5 respetively.
Theorem 1 The system (4) admits Laurent solutions in t1/2, depending on
3 free parameters: u, v and w. These solutions restrited to the surfae A(6)
are parameterized by two smooth urves Cε=±i(8) of genus 4.
Proof. The system (4) possesses 3-dimensional family of Laurent solutions
(prinipal balanes) depending on three free parameters u, v and w. There
are preisely two suh families, labeled by ε = ±i, and they are expliitly
given as follows
q1 =
1√
t
(u− 1
2
u3t+ vt2 + u2(−11
16
u5 +
1
3
au+ v)t3
+
u
4
(
41
32
u8 − au4 + 3
2
u3v +
1
6
a2 − 3ε
√
2
2
w)t4 + · · · ), (7)
q2 =
ε
√
2
4t
(1 + u2t+
1
3
(2a− 3u4)t2 + 1
8
u(24v − u5)t3 − 2ε
√
2wt4 + · · · ),
p1 =
1
t
√
t
(−1
2
u− 1
4
u3t+
3
2
vt2 +
5
2
u2(−11
16
u5 +
1
3
au+ v)t3
+
7u
8
(
41
32
u8 − au4 + 3
2
u3v +
1
6
a2 − 3ε
√
2
2
w)t4 + · · · ),
p2 =
ε
√
2
4t2
(−1 + 1
3
(2a− 3u4)t2 + 1
4
u(24v − u5)t3 − 6ε
√
2wt4 + · · · ).
These formal series solutions are onvergent as a onsequene of the majorant
method. By substituting these series in the onstants of the motion H1 = b1
and H2 = b2, one eliminates the parameter w linearly, leading to an equation
onneting the two remaining parameters u and v :
2v2 +
1
6
(15u4 − 8a)uv − 39
32
u10 +
7
6
au6 +
2
9
(a2 + 9b1)u
2 − ε
√
2b2 = 0. (8)
This denes two smooth urves Cε (ε = ±i). Let g(Cε)=genus of Cε, n =
number of sheets and v = number of branh points. Then by the Riemann-
Hurwitz's formula [17℄,
g(Cε) = −n+ 1 + v
2
= −2 + 1 + 10
2
= 4,
whih nishes the proof of the theorem.
5
4 Linearizing the ow in terms of genus two hyper-
ellipti funtions
Theorem 2 The system of dierential equations (4) an be integrated in
terms of genus 2 hyperellipti funtions.
Proof. We set
q2 = s1 + s2,
q21 = −4s1s2,
p2 = s˙1 + s˙2,
q1p1 = −2(s˙1s2 + s1s˙2).
The latter equation together with the seond implies that
p21 = −
(s˙1s2 + s1s˙2)
2
s1s2
.
In term of these new variables, equations (3) and (5) take the following form
(s1 − s2)
(
s2(s˙1)
2 − s1(s˙2)2
)
+4s1s2
(
2s41 + 2s
3
1s2 + 2s
2
1s
2
2 + 2s1s
3
2 + 2s
4
2 + as
2
1 + as1s2 + as
2
2
)
−2b1s1s2 = 0,
(s1 − s2)
(
s22(s˙1)
2 − s21(s˙2)2
)
+4s21s
2
2 (s1 + s2)
(
a+ 2s21 + 2s
2
2
)
+ b2s1s2 = 0.
These equations are solved linearly for (s˙1)
2
and (s˙2)
2
as
(s˙1)
2 =
s1(−8s51 − 4as31 + 2b1s1 + b2)
(s1 − s2)2 ,
(s˙2)
2 =
s2(−8s52 − 4as32 + 2b1s2 + b2)
(s1 − s2)2 ,
whih leads immediately to the following equations for s1 and s2 :
s˙1 =
ds1
dt
=
√
P6(s1)
s1 − s2 ,
s˙2 =
ds2
dt
=
√
P6(s2)
s2 − s1 ,
where P6(s) is a polynomial of degree 6 of the form
P6(s) = s(−8s5 − 4as3 + 2b1s+ b2).
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These equations an be integrated by the abelian mapping
H −→ Jac(H) = C2/Λ, (p1, p2) 7−→ (ξ1, ξ2),
where the hyperellipti urve H of genus 2 is given by the equation
ζ2 = P6(s),
Λ is the lattie generated by the vetors n1 + Ωn2, (n1, n2) ∈ Z2,Ω is the
matrix of period of the urve H, p1 = (s1,
√
P6(s1)), p2 = (s2,
√
P6(s2)),
ξ1 =
∫ p1
p0
ω1 +
∫ p2
p0
ω1,
ξ2 =
∫ p1
p0
ω2 +
∫ p2
p0
ω2,
where p0 is a xed point and (ω1, ω2) is a anonial basis of holomorphi
dierentials on H, i.e.,
ω1 =
ds√
P6(s)
,
ω2 =
sds√
P6(s)
.
We have
ds1√
P6(s1)
− ds2√
P6(s2)
= 0,
s1ds1√
P6(s1)
− s2ds2√
P6(s2)
= dt,
and hene the problem an be integrated in terms of genus 2 hyperellipti
funtions of time. This ends the proof of the theorem.
5 A ve-dimensional system
We have seen that it possible for the variables q1 and p1 to ontain square
root terms of the type
√
t, whih are stritly not allowed by the Painlevé test.
However, these terms are trivially removed by introduing some new vari-
ables z1, . . . , z5, whih restores the Painlevé property to the system. Indeed,
let
ϕ : A −→ C5, (q1, q2, p1, p2) 7−→ (z1, z2, z3, z4, z5), (9)
be a morphism on the ane variety A(6) where z1, . . . , z5 are dened as
z1 = q
2
1, z2 = q2, z3 = p2, z4 = q1p1, z5 = 2q
2
1q
2
2 + p
2
1.
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The morphism (9) maps the vetor eld (4) into the system
z˙1 = 2z4,
z˙2 = z3,
z˙3 = −4az2 − 6z1z2 − 16z32 , (10)
z˙4 = −az1 − z21 − 8z1z22 + z5,
z˙5 = −8z22z4 − 2az4 − 2z1z4 + 4z1z2z3,
in ve unknowns having three quarti invariants
F1 =
1
2
z5 + 2z1z
2
2 +
1
2
z23 +
1
2
az1 + 2az
2
2 +
1
4
z21 + 4z
4
2 ,
F2 = az1z2 + z
2
1z2 + 4z1z
3
2 − z2z5 + z3z4, (11)
F3 = z1z5 − 2z21z22 − z24 .
This system is ompletely integrable and the hamiltonian struture is dened
by the Poisson braket
{F,H} =
〈
∂F
∂z
, J
∂H
∂z
〉
=
5∑
k,l=1
Jkl
∂F
∂zk
∂H
∂zl
,
where
∂H
∂z
= (
∂H
∂z1
,
∂H
∂z2
,
∂H
∂z3
,
∂H
∂z4
,
∂H
∂z5
)⊤,
and
J =


0 0 0 2z1 4z4
0 0 1 0 0
0 −1 0 0 −4z1z2
−2z1 0 0 0 2z5 − 8z1z22
−4z4 0 4z1z2 −2z5 + 8z1z22 0

 ,
is a skew-symmetri matrix for whih the orresponding Poisson braket
satises the Jaobi identities. The system (10) an be written as
z˙ = J
∂H
∂z
, z = (z1, z2, z3, z4, z5)
⊤,
where H = F1. The seond ow ommuting with the rst is regulated by the
equations
z˙ = J
∂F2
∂z
, z = (z1, z2, z3, z4, z5)
⊤,
and is written expliitly as
z˙1 = 2z1z3 − 4z2z4,
z˙2 = z4,
z˙3 = z5 − 8z1z22 − az1 − z21 ,
z˙4 = −2az1z2 − 4z21z2 − 2z2z5,
z˙5 = −4az2z4 − 4z1z2z4 − 16z32z4 − 2z3z5 + 8z1z22z3.
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These vetor elds are in involution, i.e.,
{F1, F2} = 〈∂F1
∂z
, J
∂F2
∂z
〉 = 0,
and the remaining one is Casimir, i.e.,
J
∂F3
∂z
= 0.
Let B be the omplex ane variety dened by
B =
2⋂
k=1
{z : Fk(z) = ck} ⊂ C5, (12)
for generi (c1, c2, c3) ∈ C3. We have shown in [18℄, that
a) The the system (10) an be integrated in genus 2 hyperellipti funtions.
b) The system (10) possesses Laurent series solutions whih depend on 4
free parameters : α, β, γ and θ :
z1 =
1
t
(α − α2t+ βt2 + 1
6
α(3β − 9α3 + 4aα)t3 + γt4 + · · · ),
z2 =
ε
√
2
4t
(1 + αt+
1
3
(−3α2 + 2a)t2 + 1
2
(3β − α3)t3 − 2ε
√
2θt4 + · · · ),
z3 =
ε
√
2
4t2
(−1 + 1
3
(−3α2 + 2a)t2 + (3β − α3)t3 − 6ε
√
2θt4 + · · · ), (13)
z4 =
1
2t2
(−α+ βt2 + 1
3
α(3β − 9α3 + 4aα)t3 + 3γt4 + · · · ),
z5 =
1
t
(−1
3
aα+ α3 − β + (3α4 − aα2 − 3αβ)t
+(4ε
√
2αθ + 2γ +
8
3
aα3 − 1
3
aβ − α2β − 3α5 − 4
9
a2α)t2 + · · · ),
with ε = ±i. These meromorphi solutions restrited to the surfae B(12)
are parameterized by two isomorphi smooth hyperellipti urves Hε=±i of
genus 2 :
β2+
2
3
(3α2−2a)αβ−3α6+ 8
3
aα4+
4
9
(a2+9c1)α
2−2ε
√
2c2α+c3 = 0, (14)
) The variety B(12) is embedded in P15 and generially is the ane part
of an abelian surfae B˜, more preisely the jaobian of a genus 2 urve. The
redued divisor at innity
B˜\B = Hi +H−i,
onsists of two smooth isomorphi genus 2 urves Hε(14), that interset in
only one point at whih they are tangent to eah other. The system of
9
dierential equations (10) is algebraially ompletely integrable and the or-
responding ows evolve on B˜.
Observe that the reetion σ on the ane variety B amounts to the ip
σ : (z1, z2, z3, z4, z5) 7−→ (z1, z2,−z3,−z4, z5),
hanging the diretion of the ommuting vetor elds. It an be extended
to the (-Id)-involution about the origin of C
2
to the time ip (t1, t2) 7→
(−t1,−t2) on B˜, where t1 and t2 are the time oordinates of eah of the
ows XF1 and XF2 . The involution σ ats on the parameters of the Laurent
solution (13) as follows
σ : (t, α, β, γ, θ, ε) 7−→ (−t,−α,−β,−γ,−θ,−ε),
interhanges the urves Hε=±i(14). Geometrially, this involution inter-
hanges Hi and H−i, i.e., H−i = σHi.
The asymptoti solution (7) an be read o from (13) and the hange of
variable :
q1 =
√
z1, q2 = z2, p1 = z4/q1, p2 = z3.
The funtion z1 has a simple pole along the divisor Hi +H−i and a double
zero along a hyperellipti urve of genus 2 dening a double over of B˜
ramied along Hi +H−i.
6 Generalized algebrai ompletely integrable sys-
tem
Applying the method explained in Piovan [22℄, we show that the invariant
variety A(6) an be ompleted as a yli double over A of the jaobian of
a genus urve, ramied along a divisor Hi +H−i where Hi and H−i are two
isomorphi hyperellipti urves (14) of genus 2 that interset in only one point
at whih they are tangent to eah other. Moreover, A is smooth exept at the
point lying over the singularity (of type A3) of Hi +H−i and the resolution
A˜ of A is a surfae of general type with invariants : Euler harateristi of
A˜ = X (A˜) = 1 and geometri genus of A˜ = pg(A˜) = 2. Consequently, the
system (4) is algebrai ompletely integrable in the generalized sense.
Theorem 3 The invariant surfae A(6) an be ompleted as a yli double
over A of the abelian surfae B˜ (the jaobian of a genus 2 urve), ramied
along the divisor Hi +H−i. The system (4) is algebrai omplete integrable
in the generalized sense. Moreover, A is smooth exept at the point lying
over the singularity (of type A3) of Hi +H−i and the resolution A˜ of A is a
surfae of general type with invariants : X (A˜) = 1 and pg(A˜) = 2.
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Proof. We have shown that the morphism ϕ (9) maps the vetor eld (4)
into an algebrai ompletely integrable system (10) in ve unknowns and
the ane variety A (6) onto the ane part B (12) of an abelian variety B˜
(more preisely the jaobian of a genus 2 urve with B˜\B = Hi + H−i).
Observe that ϕ : A −→ B is an unramied over. The urves Cε (8) play
an important role in the onstrution of a ompatiation A of A. Let us
denote by G a yli group of two elements {−1, 1} on
V jε = U
j
ε × {τ ∈ C : 0 < |τ | < δ},
where τ = t1/2 and U jε is an ane hart of Cε for whih the Laurent solutions
(7) are dened. The ation of G is dened by
(−1) ◦ (u, v, τ) = (−u,−v,−τ),
and is without xed points in V jε . So we an identify the quotient V
j
ε /G with
the image of the smooth map hjε : V
j
ε → A dened by the expansions (7).
We have
(−1, 1).(u, v, τ) = (−u,−v, τ),
and
(1,−1).(u, v, τ) = (u, v,−τ),
i.e., G × G ats separately on eah oordinate. Thus, identifying V jε /G2
with the image of ϕ ◦ hjε in B. Note that Ajε = V jε /G is smooth (exept
for a nite number of points) and the oherene of the Ajε follows from the
oherene of V jε and the ation of G. Now by taking A and by gluing on
various varieties Ajε\{some points}, we obtain a smooth omplex manifold
Â whih is a double over of the abelian variety B˜ ramied along Hi +H−i,
and therefore an be ompleted to an algebrai yli over of B˜. To see what
happens to the missing points, we must investigate the image of Cε × {0}
in ∪Ajε. The quotient Cε × {0}/G is birationally equivalent to the smooth
hyperellipti urve Γε of genus 2 :
2w2 +
1
6
(15z2 − 8a)zw + z(−39
32
z5 +
7
6
az3 +
2
9
(a2 + 9b1)z − ε
√
2b2) = 0,
where w = uv, z = u2. The urve Γε is birationally equivalent to Hε. The
only points of Cε xed under (u, v) 7→ (−u,−v) are the two points at ∞,
whih orrespond to the ramiation points of the map
Cε × {0} 2−1−→ Γε : (u, v) 7−→ (z, w),
and oinides with the points at ∞ of the urve Hε. Then the variety Â
onstruted above is birationally equivalent to the ompatiation A of the
generi invariant surfae A. So A is a yli double over of the abelian surfae
B˜ (the jaobian of a genus 2 urve) ramied along the divisorHi+H−i, where
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Hi and H−i interset eah other in a tanode. It follows that The system
(4) is algebrai omplete integrable in the generalized sense. Moreover, A is
smooth exept at the point lying over the singularity (of type A3) ofHi+H−i.
In term of an appropriate loal holomorphi oordinate system (x, y, z), the
loal analyti equation about this singularity is x4 + y2 + z2 = 0. Now, let
A˜ be the resolution of singularities of A, X (A˜) be the Euler harateristi of
A˜ and pg(A˜) the geometri genus of A˜. Then A˜ is a surfae of general type
with invariants : X (A˜) = 1 and pg(A˜) = 2. This onludes the proof of the
theorem.
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